High fidelity transfer of an arbitrary quantum state between harmonic oscillators 
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It is shown that by switching a specific time-dependent interaction between a harmonic oscillator 
and a transmission line (a waveguide, an optical fiber, etc.) the quantum state of the oscillator can 
be transferred into that of another oscillator coupled to the distant other end of the line, with a 
fidelity that is independent of the initial state of both oscillators. For a transfer time T, the fidelity 
approaches 1 exponentially in 7T where 7 is a characteristic damping rate. Hence, a good fidelity 
is achieved even for a transfer time of a few damping times. Some implementations are discussed. 

PACS numbers: 03.67.-a, 03.67.Hk, 89.70.+C 



A state-transfer between two identical distant systems 
(say, two nodes of a quantum network) is a process in 
which at time t = T the second system obtains the same 
quantum state that the first one had at time t = 0. 
The systems between which the state is transferred may 
include, for example, atoms in a cavity [H,[3|, spin or 
flux qubits0|,[l|. The need for a fast and reliable state- 
transfer in quantum computers and quantum networks is 
posing questions concerning the practical and principle 
limitations on the speed and reliability of such a commu- 
nication form (in addition to the obvious limitations re- 
lated to the speed of light). These questions were consid- 
ered mainly though not only in condensed 
matter systems where the transferred states belong to a 
finite dimensional Hilbert space (e.g. that of 2 or 3 level 
systems and unlike the state of a harmonic oscillator) . 

Here we consider a state transfer between two iden- 
tical harmonic oscillators coupled to opposite ends of a 
transmission line. We show that by performing a single 
operation of properly chosen time-dependent switching of 
the coupling (denoted by j(t)) between one of the oscilla- 
tors and the transmission line, a state transfer is achieved 
with an arbitrary high fidelity which is independent of the 
initial states of the two oscillators. 

We start by analyzing the case where a single oscil- 
lator (labeled 1) is coupled to a transmission line with a 
constant coupling, 74. Assuming that 7, (which also char- 
acterizes the damping of the oscillator) is much smaller 
than the oscillator frequency uo Q , one is allowed to use 
the slowly varying envelope, Markov, and rotating-wave 
approximations. In a frame rotating at the oscillator 
frequency, the Heisenberg equations of motion are then 
given by (see, e.g., Eqs. (7.15) and (7.18) in Ref. 0): 

'•Tiflti = y/frfibi >in (t), i = l,2 (1) 



dt 



and 



(2) 



Oj(i) annihilates a mode of the oscillator i and satisfies 



incoming/outgoing fields in the transmission line by |ll | 
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dubi ta (u))e luJ a = in, out (3) 



where bi, a (uj) annihilates a transmission line mode prop- 
agating towards (for a — in) or away from (for a = out) 
the oscillator i, and 

[M*), b U(*')] = 5{t-t'), [6 i>a (*),M*')] = 0- (4) 

7i in Eq.((l]) is the line-oscillator coupling strength and 
thus appears both in the damping term on the right of 
Eq. (U) and the driving term on the left. Eq. (fSJ) is a 
boundary condition matching the value of the oscillator 
field with that of the transmission line at their interface. 
Eqs. |T]) and (J2j) provide a rather general description of 
a weakly-damped harmonic oscillator (a cavity resonator 
or an LC circuit) coupled to a continuum of propagating 
harmonic modes such as those of free space or a waveg- 
uide such as an optical fiber or an electrical transmission 
line. Specific examples of circuit implementations leading 
to Eqs. (HJ) and (fSJ) are discussed below. Their solution 
in terms of the incoming modes is 



Oi(0) 




-n{t-t')i 



>(*')• (5) 



[ ai {t),a\{t)\ = l.h 



i /out 



(t) is an operator related to the 



Now we proceed to analyze two oscillators coupled to 
both ends of a transmission line. We consider the oscil- 
lators to be 'cascaded' i.e. the modes propagating away 
from oscillator 1 are propagating into oscillator 2 while 
the modes propagating away from oscillator 2 are di- 
rected into a termination which functions as a black-body 
absorber (preventing backward scattering of the modes) 
at a temperature of absolute zero. This can be achieved 
by employing an isolator, such as the terminated three 
port circulator shown in Fig. 1, in the transmission line. 
Denoting the propagation time of the signal along the 
line by t, one therefore has bi. ou t(t) = i>2,in(i + T )- In 
order to express our results in a form independent of the 
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transmission line length we shift the time origin of oscil- 
lator 2 by t and thus write 



bl,out(t) — &2,in(f)- 

The equations of motion are thus given by Eq. 
Eqs. |TJ, (0 for i = 1, 2. Their solution is: 

a 2 (t) = e-^a 2 (0) + 2-/te~'' t a 1 (0) 

t 

2^e-T* [ dt'e^'b hin (t') 



(6) 
and 



t t' 

+ (2 7 ) 3 / 2 e-^y df' / dt"e^"& Mn (f"). (7) 



The fidelity, F(f), of the state transfer is defined as the 
coefficient in front of ai(0). Here 

F(t) = 2 7 te-' rt . (8) 

At i = i it obtains its maximal value F TOaa; « 0.736. 
Note that the above definition implies that the fidelity is 
independent of the initial states of the oscillators. This 
advantage over the standard state- dependent definition of 
fidelity [13] (as an overlap between the final state and the 
desired transferred one) is made possible by the linearity 
of the operator relation, Eq.([7]), 

If a time-dependent switch is inserted between oscilla- 
tor 1 and the line, the system is still governed by Eqs. 
([I]) , ([2l) and ([6j) , except that 71 (£) is now time-dependent 
while 72 = 7 remains constant. The solution is given by 



- / dt'"Yi(*') 

ai(t) = ai(0)e 

+ / dt'^2 ll {t')e *' Kintf) 



(9) 



and 



« 2 (i) 



-7< 



O2(0) 



f (it" (t^ ) 

+2^7 / dt'e-^'-^V^Oe 71 Ol ( ) 



+2^ / dt'e-T^v^yx 



, - / dt'" 11 (t'") 



'W7(*-*') 



27 / dt'b 1M {t')e 



(10) 



The (once again state-independent) fidelity is therefore 

i t' 

? . -/di" 71 (t") 

F(f) = 2^7 / ^t'-Ov/TlMe ° . (11) 



It remains to find 71(f) that maximizes F(f). To this end 
we denote /' dt'7i(t') = G(t) and rewrite Eq. ([TT]) as 



F 



2^7 / *'e-^ T -^ 




-g(*': 



• (12) 



The Euler-Lagrange equation corresponding to the ex- 
tremum of the above integral (expressed in terms of 



71 = f ) is 



2( 7l ) 2 + 2 7 7i-^ = 0. 



(13) 



This nonlinear equation is exactly solvable. The solution 

is 71 (t) = 7 eoe -l 7t _ 1 1 c is constant. Denoting co = e 2lT 
(with T > t, so that 71 > 0) one obtains 



7i (*) = 7" 
i 

and then from Eq. fTTj) 
F(t) = 2 



1 



,2 7 (T-t) _ 1 



sinh(7i) 
Ve 2 ^ T - 1 ' 



(14) 



(15) 



Since sinh(f) is monotonic and T >t the highest fidelity 
is obtained when t = T and therefore we can identify T 
as the total switching time and write 



F(T) = VI - e- 2 ^ T . 



(16) 



Eqs. l[T4|) and l|16p (with its generalization Eq.lfST])) are 
our main results. They demonstrate that a state-transfer 
with arbitrary good fidelity can be achieved between two 
identical oscillators, and that, with the proper choice of 
the switching function Eq. (fl4|) . the fidelity approaches 
unity exponentially fast and therefore does not require 
the operation time to be much longer than the damping 
time. For example, Eq. lfT6|) implies that 7T > 5 suffices 
to achieve a fidelity greater than 1 — 10~ 4 . 

The above results relied on the small damping assump- 
tion, while 71 in Eq. (fl4|) is singular near the point t = T 
where 71 (t) ~ i(T-t) ' ^ n P ar ticular, the small damping 
condition 71 <C ujo breaks down near this point. Thus, 
we should specify under what condition cutting off 71 (f ) 
at time T — At (where 71 (t) <§; u>q still holds) will have 
negligible effect on the fidelity. Expanding Eq. lfT5|) for 
t = T — At with -/At < 1 (and e" 27T < 1) yields 



1 -F 



1 



-27T 



■ 7 At + 0(7 At) 5 



(17) 



We see that an additional requirement of the form 7 At -C 
1 — F appears to ensure high fidelity. Recalling the 
asymptotic behavior of 71(f) near t = T and the small 
damping condition 7, <C uio, one obtains a sufficient 
condition for achieving arbitrary high fidelity (for long 
enough T) 



lo > 7 r* > 



72 



l-F' 



(18) 
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where ^/™ a2 ' = — . In terms of oscillator quality factors 
(Q = W0/7) this implies 



(1 - F)Q 2 » Q™' 1 » 1. 



(19) 



To include losses in the oscillators and the line we in- 
troduce an oscillator damping-rate 7' and a finite trans- 
mission coefficient through the line rj < 1 by replacing 
Eqs.dD, (2]) and © with ^ + ( 7i + 7 ') ai = V^hhin(t)- 



with fy- 



^i,o«t(*))j (where ^ irl / otlt (i) are the loss channel modes) 
and &2,in(*) = ?7 1 ^ 2 &i,o«t(0- O ne then obtains: 



F(t) = 



i/ 2 y t sinh(7f) 



F{T) 



7 < 7, 



(20) 



(21) 



and a criterion for the losses being small (as far as the 
fidelity is concerned): 1 — 77 <C 1 and j'T <C 1. 

We now turn to specific optical and electronic realiza- 
tions of the system analyzed above. Before discussing 
the implementation of the time-dependent switching we 
show how a single LC circuit coupled to a line with con- 
stant coupling evolves according to Eqs.((lJ) and ([2]). The 
generalization to the case where each of the oscillators is 
a collective mode of a combination of several LC circuits 
presents no special difficulties. 

Considering an ideal LC circuit coupled to a trans- 
mission line with a (real) impedance R, the Heisenberg 
equations of motions (see e.g., Eq. (3.14) in [HI]) are 



_ + 27i _ +WoXi = 47i — 



and 



%i,in H~ Xi out • 



(22) 



(23) 



If the line, capacitor and inductor are in series, then Xi 
in Eq. (|22| stands for the charge on the capacitor and 
7i = If they are in parallel, then xi stands for the 
voltage drop over the capacitor and 7; = 2RC~ ^ n both 
cases, 74 is the damping coefficient and since the energy 
of the LC oscillator is transferred to the line, ji also de- 
termines the oscillator-line coupling strength. x^i n and 
Xi,out are the transmission line charge (for series circuit) 
or voltage (for parallel circuit) excitation modes propa- 
gating towards and away from the oscillator at the point 
where it joins the transmission line 



IK: 



(t) = N R / dujcu s l 2 ai. a {uj)e~ 



h.c. (24) 



v is the signal propagation speed along the line (assuming 
no dispersion), yi is the position of the LC circuit. This 



position is well defined if the circuit is assumed to be 
'lumped', i.e. much smaller in size than the wave length 
of the transmission line excitation. The a ijOUt / irl 's are the 
annihilation operators of the line excitations satisfying 



bosonic commutation relations. Nr = 




s = 1 for 



-1 for the 



the charge excitations and Nr = 

voltage excitations. qi n = 1, q ou t = — 1. 

Eq. (j22|) describes a damped oscillator driven by the 
incoming modes in Eq. f2~4|) . With no damping and 
driving its solution would have the usual form Xi(t) = 
Axo(aie~ tuJot + a\e luot ), where Ax Q is the ground state 
fluctuation (for the charge in the series LC circuit Axq = 

for the voltage in the parallel LC circuit Ax = 




t^j ). Assuming a small damping, 7.; <C uj , we write 



i(t) = Aa*> (a^e- 1 ^ + a\(t) ( 



iujQt 



(25) 



where now di(t) are slowly varying functions (still satis- 
fying bosonic commutation relations) . Neglecting deriva- 
tives which are not multiplied by a large parameter such 
as loq (slowly varying envelope approximation) we write 

^ = -i^Aa^e-*" * - a\e l " ot ) (26) 



and 

d 2 x 



To separate the slow and the fast contribution from the 
transmission line modes we approximate Eq. ((24|) by 

Xi^oiit) 

00 

NRe -^o(t+ ga ^) I rfww - s /\ Q ( w ) e -M*+9^) + h.<{28) 



where bi t i n (uj) = a^infao+uS). Eq. ((28)1 is a (Markov) ap- 
proximation since the lower integration limit is extended 
to —00. It is justified, because the assumption of small 
damping means that the oscillator responds only in a nar- 
row frequency band around ljq. Under these assumptions 
the Fourier transforms of bi >a (w), defined by Eq. l[3"]). 
satisfy Eq. ((4|) (for a = in, out). Setting yi = 0, making 
use of Eqs. pg j) -(|28 |) and © in Eqs. p2 j) and (|23 ]i . and 
separating frequencies one obtains Eqs. {J) and ([2]). 

Finally, we discuss possible realizations of state- 
transfer setups involving time-dependent switching. In 
the case of optical cavities, if one is in possession of 
switches with switching times much faster than the round 
trip travel time of light within the cavity, complete state 
transfer could be achieved within one round trip time. 
In fact, a variety of fast cavity dumping techniques have 
been developed for pulsed optical systems in which the 
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T=0 black-body absorber 






a 2 (t) 




KM 



FIG. 1: Two identical harmonic oscillators ai and a-z coupled 
to opposite ends of a transmission line. An isolator (round 
object) placed on the line ensures a unidirectional setup - 
modes are propagating from oscillator 1 to 2 and from 2 to 
the termination. A possible implementation of an oscillator as 
the antisymmetric mode of two lumped circuit resonators is 
shown in the inset above oscillator 1. This geometry enables 
good control of the oscillator-line coupling needed for the state 
transfer. In the symmetric case when C\ = C2 and L\ = L2 
the antisymmetric mode Ii = I2 has a voltage node at point 
A and therefore does not radiate into the transmission line. If 
the values of the capacitors or inductors are changed to spoil 
the symmetry, this mode couples into the line. 



switc hing time is considerably taster tnan trie round trip 
time [MEL1 Eu| [Hi [13, Gif. The state transfer tech- 
nique analyzed above is, thus, of most interest in cases 
where switches fast compared to the round trip time are 
not available, such as the case of optical cavities with 
short round trip times. Many cavity dumping techniques 
Til . 18| could be adapted to provide the time-dependent 
coupling Eq. (fl4|l required for oscillator 1 and a switch- 
ing time that is fast compared to the ring-down time for 
oscillator 2. 

Since superconducting electronics operating in the mi- 
crowave frequency range is a contender for quantum com- 
putation, how to achieve fast high fidelity quantum state 
transfer between microwave cavities or lumped circuit 
LC resonators has become an issue of interest. Cav- 
ity dumping techniques have been employed to produce 
intense microwave pulses from low intensity microwave 

13, EI |- 



sources 



These techniques often position the out- 
put port at a cavity node. Coupling to the outside world 
is achieved by switching the length of one arm of the cav- 
ity so that the output port is no longer positioned at the 
node. The inset above oscillator 1 in Fig. Q] shows a way 
in which this idea can be implemented in a resonator 
consisting of lumped circuit components. If C\ = C-2 
and L\ = L2, the antisymmetric mode of oscillation, for 
which 1\ = I2, has a voltage node at A and therefore 
does not radiate into the transmission line. By chang- 
ing the value of one or more of the inductors or capaci- 
tors, the symmetry is spoiled, point A will no longer be 
a node and this mode will now radiate into the transmis- 
sion line. The coupling strength is determined by the size 



of the shift from symmetry. A coupling of the form Eq. 
(fl4| can thus be engineered through the use of capaci- 
tors and inductors having a controllable time-dependent 
reactance. Time dependent reactances are generally pro- 
duced from nonlinear reactors by changing the operating 
point of the reactance through the application of bias 
currents or voltages. Examples of a nonlinear reactance 
that could be used for such an application are Joseph- 
son junctions which function as nonlinear inductors, and 
varactor diodes which function as nonlinear capacitors. 

To summarize, we have shown that a transfer of 
an arbitrary quantum state between two identical har- 
monic oscillators (optical resonators, electronic oscilla- 
tors, etc) coupled to distant ends of a transmission 
line can be achieved with a state-independent fidelity 
that approaches unity exponentially fast in the coupling 
switching-time. 
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